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Where was 1?7 It seemed so real.

Draw a triangle, he said.

What kind of triangle should | draw?
Draw any triangle.

I thought a bit. Should | draw a triangle with three sides the same
length, an equilateral triangle? That would look like this, only | would
draw it larger.

Fig. 1.
The equilateral triangle

Or should | draw a triangle with two sides the same length, an
isosceles triangle?

Fig. 2.
An isosceles triangle




- a scalene triangle?

, f ~ Orshould I draw a triangle with three sides each of different length,
i
i

-

Fig. 6.
Along narrow obtuse
triangle

Fig. 3.

Draw a triangle without thinking about it, he said.
. Ascalene triangle

So | drew a triangle and it turned out to be scalene. Each side was
of slightly different length, not quite an equilatera! triangle.

How about a triangle with one square corner, a right triangle?

i
Fig4.
Aright triangle
Or a triangle with one angle larger than a square corner, larger than ‘ ‘
a right angle. f Fig. 7.
: A scalene triangle
Good, he said. This triangle is symbolic of the present state of your
} soul, because it is you who drew it. Know that the soul is the bearer
4 ~_ ‘: of the three fundamental capacities of thinking, feeling, and will. A
I Fig. 5 ‘ : - S . 1" dictionary might use the terms thinking, emotion, and volition. The
G Aff'(,-,;tuse triangle : _ o : long side symbolizes that capacity most highly developed. The short

e : _ side, that capacity least developed. You decide which is which. -
' U that all three sides are connected, each one to the other two: %
% | . o And then again, it might be fun to draw a triangle that looks very [ | looked at the triangle. | am not evenly developed. But now | have to

different, like this, for example: dfecide whict) soul capapity is symbo]ized by which §ide. Is the longest
: - ; side symbolic of my thinking capacity towards which | have exerted

myself? | have a college deqgree, if that means anything. But rather



than thinking about the long side of the triangle, perhaps | should think
about the short side. Could that short side symbolize my feeling life?
I love my wife but she sometimes says that | am very critical. Do |
love her, but love myself more? Or could that short side symbolize my

will? | have accomplished much, though mostly what | wanted to do

for myself. What needed doing for others was sometimes neglected.
But what if the short side symbolizes my thinking, even with a college
degree? | have to admit occasionally to having jumped to unfounded
conclusions, which implies not thinking carefully. So, it looks as though
all three soul capacities need to be worked on. And yet the shape of
the triangle indicates a difference in development among the three.

You must be aware, he said, that the triangle you have drawn is
fixed in shape on the paper while the soul configuration changes a
little from time to time as you exert yourself toward clarity of thought,
or nobility of feeling, or strength of will. Uitimately all three soul forces
will approach a condition symbolized by the equilateral triangle.

Thank you, | said. That helps.

| pondered further. The three soul qualities are supposed to be
interconnected, as each side of the trianglc is con nected to the other
two.

Does thinking influence will? It must, because | decide what | want
to do, and then do it.

Does thinking influence feellng‘7 It must, because if | think he is a
bad man, | might develop negative feelings toward him,

Does feeling influence thinking? If | love her, | will describe her in
one way. If | don't, | may think of her in quite a different way.

Does feeling influence will? Certainly, if | love her | will do what she
wishes. If 1 don't, | may find a reason to say, I'm busy right now.

Does will influence thinking? | thought about what | did and decided
next time to do it differently.

Does will influence feeling? | accomplished what | set out to do
and now | feel good about it. When { left it undone, another time, | felt
guilty because | could have finished it.

So, it seems that all three, thlnkmg, feeling, and will are mtercon—
nected as the three sides of the triangle are connected to each other.

Is this, | asked, what you had in mind when you spoke of the
interconnectedness of the three soul qualities?

Here is how. i

(As I was listening and drawing, it occurred to me that it mnghthe a
more satisfying, fulfilling experience for someone reading this, to pick
up a circle compass, straight edge (ruler), pencil and several sheets
of papet, and follow along, drawing according to the indications given,
rather than just reading).

Using the straightedge, draw a triangle similar to mine but not
exactly the same. We are all different but none of us is really so
unbalanced as to have’ any one soul quality extremely unbalanced.

You need to draw a line, he continued, from the midpoint of each
side of the triangle in the straightest possible way toward the interior.
To start, select one side of the triangle and open your circle compass
to any distance greater than half the length of that side. With the metal
point at one end of the side, draw an arc. Keeping the same compass

- opening and metal point at the other end of that side, draw a second

arc crossing the first arc in two places. Using the straightedge, draw
a line that passes through the crossmg of the two arcs. That line is
called the perpendicular bisector. it crosses the midpoint of that side |
of the triangle, and makes a square corner with that side, hence,
perpendiculgr.
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Yes, he said. It's a start. But now, find the center of your triangle. ‘ R
How do | do that, | asked. ‘,-" Fig. 8.
! A scalene triangle.
The perpendicular bisector

of a side of the triangle.



Repeat this procedure for each of the other two sides of the triangle.
When you are done, notice that the three perpendicular bisectors
cross in a point. With metal point at that crossing and pencil at one of
the corners of the triangle, draw a circle. Notice that it passes though
each of the corners exactly, enclosing the triangle perfectly. The circle
is called the circumcircle and its center ‘is called the circumcenter.
Mark the circumcenter C.

Fig. 9.
A scalene triangle. -
Perpendicular bisectors of the
sides, the circumcenter (C), and the
circumcircle showing construction.

The circle is traditionally symbolic of the Divine. The circle envelops
the triangle. The Divine Creator envelops your soul, protecting it.
Now lay this drawing over a clean sheet of paper and with the metal
point of the compass poke through:
. —the corners of the triangle,
- the midpoints of the sides,
- the circumcenter (C).
Using these poke holes as guides, draw:the form again without
construction arcs, and keep the perpendicular bisectors inside the
triangle. -

| did what he told me and it looks like this:

Fig. 10.

A scalene triangle.
Perpendicular bisectors
of the sides, the
circumeenter (C), and
the circumcircle.

Good, he said. There is another center.
Another center? Two centers?

: Yes. Lay your triangle, the one just completed, over another sheet of
‘ ~ Paper and with the metal point of the compass, poke through the same
| points as efore:

— the three corners of the triangle,

~ the midpoints of the sides,

— the circumcenter

Remove the top sheet and using the poke holes as guides

your triangle and mark the circumcenter C. Put a tiny dot at: the
midpoint of each side, (poke hole). You will need these later, =
Select one corner of the triangle and with any convenient compass

|
|
l
|
1 opening and metal point at that corner, draw an arc cutting the two

draw
3R

sides of the triangle that meet in that corner. Mark those two points A
and B. With metal point at A and any convenient compass opening,



draw an arc. With metal point at B and the same compass opening,
draw a second arc cutting the first one. Using a straightedge, draw a
line from the corner of the triangle to the arc intersection. This line is
called the angle bisector.

Fig. 12.

A scalene triangle. X
Angle bisectors, the incenter
(1), and the inscribed circle,
showing construction.

Fig. 11.
A scalene triangle.
An angle bisector.

Draw it again, he said, without construction arcs. Use the metal .
point of the ‘compass | and poke through this drawing onto a elean -
sheet: . A

— the corners of the triangle,
— the midpoints of the sides (to be used later),
- the circumcenter (C)

— the incenter (1)
Repeat this procedure for each of the other two corners of the Use the poke holes as a guide for your drawing.

triangle. When you are done, notice that the three angle bisectors cross | drew, and now it looks like this:
in a point. Notice also that this point is not at the same place as the
circumcenter (C). With metal point at the crossing of angle bisectors,
adjust the compass opening so that when you draw a circle, it exactly
touches any one side of the triangle at one point. Notice that it exactly
touches the other two sides also. This circle is cailed the inscribed
circle and its center is called the incenter. Mark the incenter |

| drew, and it came out like this. The angle bisectors crossed in
a point, and the rircle, with that point as center, touched the three !
sides.

Fig. 13.

A scalene triangle.

Angle bisectors, the incenter
(I), and the inscribed circle.

4:
\\ }RrJd



10

" opposite side: These lines-are-called-medians.___ ___

. Tig. :
A scalene triangle.
Medians and the centroid (M).

. The circle, he continued, being symbolic of the Divine, now appears

inside the triangle touching the three sides. The indwelling divine part
of each human being touches the three soul.capacities of thinking;
feeling, .and" will such that, if desired, these soul capacities may
be enhanced toward insightful thinking, compassion, and altruistic
deeds. : '

I pondered this for a while.
Then he said, your triangle has yet another center.
Yet another center? | thought of a triangle as having one center.
Now a third? :
Yes. Lay the triangle you have just drawn over a clean sheet of
paper and with the metal point of the compass, poke through:
: ~ the three corners of the triangle,
- the midpoint of each side,
— the circumcenter (C)
—the incenter (1)
Remove the top sheet and using the poke holes as a guide, draw
your triangle and mark the midpoints of each side, (poke holes) with
a tiny dot. Mark aiso the circumcenter (C) and incenter (1). Using the
straightedge, join each corner of the triangle to the midpoint of its

| drew...

14.

must be significant. The crossing of the perpendicular bisectors‘and
the crossing of the angle bisectors, each determined a ‘significant
point. But significant, how? | mused. | couldn’t see how yet another
circle could be drawn. A triangle has only corners and sides. One
circle already touches the corners, and another already touches the
sides. And the crossing of the medians is at a different location from
the circumcenter (C) and the incenter (l).

You are wondering, he said, how the crossing of medians, which we
call the centroid, can be significant. We shall soon see. But first mark
the centroid M. (M for median intersection. We already have a point
marked C). Now lay the triangle you have just drawn over a sheet
of stiff paper. Poke through the three corners of the triangle and the
centroid (M). Remove your drawing and using poke holes as guides,
draw your triangle and put a tiny dot at the centroid. Carefully cut out
the triangle and.balance it at the ¢entroid on a pencil point.

I found a used file folder and followed the instructions. Having
drawn and cut very carefully, | balanced the triangle on the pencil
point. Impressive. .

‘Each~on‘e~ef—us,—'heraid.,_has_a_c,e,meQ@glgwgﬁ it
possible for us to have learned to-stand upright and walk at the age of

about one year.

In spite of my initial incredulity, | had to agree that in the case of a
triangle, there are in fact three centers. | was used to a circle having
only one center, and-a town having one center. Geometry can expand
one’s consciousness sometimes. '

There is.a fourth center of your triangle, he said.

A fourth center? Is the number of centers of a triangle infinite?

No. Once again, lay a clean sheet of paper under the triangle you
drew last and with the metal point of the compass, poke through: the
three corners of the triangle, the three centers already found, and the
midpoints of the sides. Remove the top sheet and using the poke
holes as guides, draw your triangle. Mark the three centers C, I, and
M. Put tiny dots at the midpoints of the sides. s

Now draw a perpendicular line from the top of the triangle straight down
to the base—the side opposite the top corner. Here is how. With ‘metal

- point at the top of the triangle, and any convenient compass opening,

draw an arc that cuts the base in two places. Mark the two places A and
B. You may have to extend the base line to the left and/or to the right. With
metal point at A and any other convenient compass opening, draw an arc

4 4



below the base. With metal point at B and the same compass opening,
draw a second arc cutting the one just drawn. Lay the straightedge from
the top of the triangle to the intersection of the two arcs below the triangle
and draw a line. This line is called an altitude,

I drew and he watched.

Fig. 15. .
Dropping a perpendicular from a
vertex to the opposite side. An altitude. )

N

When | was done, he said, Good. Now, rotate the triangle so
that another corner is at the top and another side is the base of the
triangle and repeat the procedure. Do this a third time and make an
observation. oo

I drew and saw that the three altitudes crossed in a point, and that
this crossing was some distance away from the other three crossings;
the circumcenter (C), the centroid (M), and the incenter (1). So I found
the fourth center. But how can it be significant?

He looked at my drawing and said, Good.

Thank you.

The fourth center, he said, the crossing of altitudes is called the
orthocenter. Mark it O on your drawing. You will soon see how it is

significant. But first, make a drawing without construction arcs: b
this drawing over a clean sheet of paper and with the metal point of
the compass, poke through:

— the three corners of the triangle

— the four centers C, 1, M, and.O.
Using the poke holes as guides, draw the triangle with its altitudes
but only the sections inside the triangle. Mark the four centers C, ! M,
and O. ., :

Fig. 16.
A scalene triangle.
Altitudes and the orthocenter (O).

B X

Notice that the three altitudes that cross in the orthocenter are lines ~
with one end at the corner of the triangle and the other end touching a
point on that corner’s opposite side making a right angle with that side.
That point on the side of the triangle is called an altitude foot.

Join the three altitude feet with a straightedge and pencil to forma
small triangle inside the large one. This small triangle, the altitude; Aet
triangle, or pedal triangle, may be different from the larger triangle.
Now with the metal point of the compass at the orthocenter (O), adjust
the compass opening so that the circle you draw touches one side of
the pedal triangle. Notice that the circle also touches the other two’
sides. What would you need, to find the center of an inscribed circle?

t3
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| rymmaged through my coliection of drawings and found the one |
was looking for: Fig.12.
Why, of course, | said, you would need to draw angle bisectors. That

-was the second of the four centers we found. And because a C|rc!e
"has only one center, the orthocenter must also be the incenter of the

inscribed circle of the pedal triangle. _
I félt proud of my penetrating insight into geometrical matters. -

Fig. 17.

A scalene triangle with altitudes,
the pedal triangle and its
inscribed circle.

Good observation, he said. Now we have three circles connected

with your triangle: the large one, the circumcircle, symbolic of the

enveloping Divine, the smaller one, the inscribed circle, symbolic of
the personal indwelling divine, and now the pedal triangle’s-inscribed
circle, symbolic of the Divine workmg to develop the hlgher self to ever
greater perfection. . i

On the drawing you have just completed, draw the inscribed circle
of your triangle whose center is the incenter (1), and the circumscribed
circlé whose center is the circumcenter (C).

Or, if you prefer, draw a new triangle showing the three circles. Lay
your drawing over a clear: sheet of paper and with the metal point of
e :cn“:::s poke through:

—the corners of the iarge triangle

— the altitude feet

— the orthocenter (O)

~ the circumcenter (C)

—the incenter (1)

With poke holes as guides, draw:

- your triangle

- the pedal triangle and its inscribed circle whose center is
.the orthocenter

~— the inscribed circle of your triangle whose center is the
incenter (1)

—the circumscribed circle whose center is the circumcenter (C)

| drew and it looked like this:

~ Fig.18

‘A scaleneiiiingle witl
its circumcirgléginscribec
_ circle, pedal triangle anc
' its inscribed circle




ig. 19.
N isosceles triangle.

T WY

And yet, | thought, the symbolism of the three circles isn't easy to
comprehend. |

But now, I asked him, what if, as you said, without thinking, my
hands had drawn a triangle in which the two sides were the same
length, and the third side rather short.

Such a triangle, he said, would have symbolized the even
development of two of your soul qualities, the third one still needing to
be worked on. Draw an isosceles triangle. Find the four centers and
make an observation.

How do | start? .

Start by drawing a horizontal line any length to serve as a base,
using the straightedge. Open the compass to a distance greater than
the length of the line and with metal point at one end of the line, draw
an arc above the line. With metal point at the other end of the line,
and the same compass opening; draw an arc cutting the first one. Join
the point at which the arcs cross to the ends of the line. You have an
isosceles triangle in which two sides are equal and longer than the
third.

I drew and it looked like this:

But, | asked, do the two equal sides have to be longer than the line |
started with?

No, he said, they could be shorter. We will discuss that situation
later.

On the isosceles triangle that you drew, he continued, draw:
— perpendicular bisectors of the sides and determine
the circumcenter (C). '
- angle bisectors and determine the incenter (1).
— medians and determine the centroid (M).
- altitudes and determine the orthoce.nter (0).
and while you are drawing, make an obseryatron. - '
| needed to look back to Fig. 9, Fig. 12, Fig. 14.. and Fig 16 to.remmd
myself about constructions. Then | drew, watching for something that
could be called an observation.

! v Fig. 20a.
The four centers of an isosceles
triangle, showing %rlstruction.

Soon it became clear—well, clear to me. But anyone reading this
may have a different view. | drew it again, (knowing by now how to
poke through), leaving out the construction arcs.



Fig. 20b.
The four centers of an isosceles triangle.

My observation: The vertical line, reaching from the top of the triangle
to the midpoint of the base is at the same time thé perpendicular
bisector of the base, the bisector of the top angle, a median, and
an altitude. And further, all four centers line up on that vertical line,
in contrast to the seeming randomness in the way the centers are
distributed in my original triangle. Neat. T N

Good, he said. The lining up of the centers symbolizes evidence
of an inner order having developed as a result of efforts made to
bring one of the less developed soul qualities up to the level of the
more developed one. The vertical line being four lines at the same
time, further indicates that an inner harmony has developed up to a
point. Such people as this triangle symbolizes could be significant
personalities in history or current events.

Would you be interested in exploring the various properties of a
triangle with all three sides equal, an equilateral triangle?

Yes, certainly, | said. That would be most interesting. Because, in
my triangle the lengths of the sides were ali different and the centers
were all scattered about inside. What if, by chance, without thinking,
my hands had drawn an equilateral triangle? N

That would likely not yet have happened, he replied, because your
soul forces—your thinking capacity, teeling life, and will are not yet

completely balanced. But let's draw an equilateral triangle and look for
its centers,

18

First draw a horizontal line any length. Open the compass. to the
length of that line. With metal point at one end of the line drayv an arc
above the line. With the same compass opening and metal point at the
other end of the line, draw an arc cutting the first one. Join the point at
which the arcs cross with the ends of the original line. You now have
an equilateral triangle_.

-

Fig. 21,
An equilateral triangle.

All on this equilateral triangle draw:
~ perpendicular bisectors of the sides. Determine the
circumcenter and draw the circumcircle.
- anglé bisectors. Determine the incenter and draw the
inscribed circle.
— medians and determine the centroid.
— altitudes. Determine the orthocenter and draw a pedal
triangle and its inscribed circle.
While you are drawing, make some observations. _
Again, | had to look back at Fig. 9, Fig. 12, Fig. 14, Fig 16, and Fig.
17 for construction reminders. .
Your drawing, he said, will have many construction arcs which will
make it look cluttered, perhaps. Lay it over a clean sheet of paper and



with the metal point of the compass, poke through:

~ the three corners of the triangle

- the midpoints of the sides

- the center(s).
Using poke holes as guides, redraw the triangle with its lines and
circles leaving out construction arcs. When you are ready, you may
want to speak about your observations.

| drew, and it took a while, and 1 could hardly wait to describe all my ) .

observations. Finally, the drawing was complete,

Fig. 22. S ’
The equilateral
triangle, its center and
circles including its
pedal triangle.

and | could say, | didn’t have to draw everything. The perpendicular
bisectors of the sides, the angle bisectors, the medians, and the

altitudes are all the same. And all four centers meet in one center. . !

Good, he said. Compare the sizes of the three small triangles whose
corners are the corners of the large triangle, and whose opposite sides
are the sides of the pedal inner triangle.

Ahal | thought | had observed all that there was to observe that was
worth mentioning. They are all the same size, four triangles the size of
the pedal triangle. The large triangle is divided into four equal parts.

Now, he said, in your imagination, cut out the large triangle and fold
the paper by bringing each corner of the large triangle to the midpoint
of its opposite side. The fold lines will be the sides of the pedal
triangle. Unfold. Fold again bringing the three corners of the large
triangle together in a point, making a pyramid with a triangular base.
This form is called a tetrahedron. It is one of the five Platonic solids.
Plato and the medieval philosophers taught that it is symbolic of fire.
But fire in the language of the soul is enthusiasm. Some people have
a hard time understanding such symbolism.

| agreed that the symbolism wasn’t easy but who am | to argue with
Plato? Perhaps, one day I'll understand.

What you have cut and folded, he said, was in your imagination.
Your triangle is still there. This time compare the sizes of the circles.

| used the compass opening needed to draw the smallest circle
as the unit of measure and found the distance from triangle center
to the middie circle to be exactly two units, and the distance from
triangle center to the circumscribed circle to be exactly four units.
Simple numerical relationships: 1,2,4. Each is double the one before.
Symmetry, perfection, beauty. .

Good observation, he said. Then he showed me a picture framed
in an equilateral triangle of him who had perfected his soul qualities
and balanced them with the help of the divinity within and enveloping
him. He was then ready to teach, to offer his people guidelines for soul
growth, '

Fig. 23.
The Buddha.

21




You were right, | said, when |.asked you, what if, by chance, without
thinking, my hands had drawn an equilateral triangle? And you said

that that would likely not yet have happened because my soul forces

are not yet completely balanced. | guess it will be a while before |
reach the stature of someone like Buddha. Perhaps never.

Don't let yourself get discouraged, he said. Others are waiting to
help you, as Buddha helped his people.

Thank you. Is now a good time to discuss the isosceles triangle with
shorter sides? You said we would discuss it later.

Yes, now ‘is a good time.-Draw an isosceles triangle. First, a
horizontal line of any length, then with the metal point of the compass
at one end of the line and compass opening a littie greater then half
the length of the line, draw an arc above the line. With the metal point
at the other end of the line, and the same compass opening, draw
another arc cutting the first one. Join the point at which the arcs cross

“with the ends of the line. You have then what is called an obtuse

isosceles triangle. Obtuse, because one angle is greater than a right
angle. '
| drew and it looked like this:

Fig. 24.
An obtuse isosceles
triangle.

Good, he said. You could now proceed to find the four centers but
this triangle is not symbolic’of many people’s “soul development, two

<" soul qualities lagging far behind a much stronger one, and the two

weaker ones equally undeveloped. But we could consider a triangle
whose three sides are different with one of them very long.

| drew another one.

Fig. 25.
An obtuse scalene triangle.

Good, he said. Proceed as usual. All on the same triangle, draw:
—perpendicular bisectors of sides.

You will need to extend some of the sides of the triangle. But
extensions are still part of the sides of a triangle. Get used to the idea
that the three lines that form the triangle can be extended in both
directions right across the page and beyond, and it is still the same
triangle. Determine the circumcenter (C).

| looked back at Fig. 9, drew and found that the perpendicular

_bisectors of the sides are nowhere near each other.

Aha, 1 said. Observation number one: the obtuse triangle has no
circumcenter.

Extend the bisectors, he said, beyond the borders of the triangle.

|- extended them and they crossed in a point outside the triangle.
Oops. Hasty conclusion. Maybe the short side of my triangle
symbolizes my thinking capacity. Sorry. The observation should have
been: The crossing of perpendicular bisectors of the sides is outside
the triangle. But is that the circumcenter of a circumcircle? With the
metal point of the compass at that supposed circumcenter (C) and

pencil at one corner of the triangle, | drew a circle and it touched the
other two sides. Nice.

23



Fig. 26.
The circumcircle of an
obtuse triangle.

The obtuse triangie, he said, may symbolize someone in atemporary
state of emotional unbalance. Thinking isn’t clear. YVI" is out of contro_l,
perhaps. When such a person recovers himself, his usual soul statg is
symbolized by a scalene triangle, maybe'simllar to yours. But 'n_otlce
that you can still draw a circle that symbolizes the enveloping divine.

Now, lay this drawing over a clean sheet of paper and poke
through: . :

— the three corners of the triangle,

— the midpoints of the sides,

— the circumcenter (C) ' -
Remove the top sheet and using the poke hples as guides, draw:

— the triangle '

— the three perpendicular bisectors of the the sides,

— the circumcircle _
Mark the circumcenter (C) without construction arcs. That way the
next step will be easier. .
Draw ?r)xgle bisectors, determine the incenter (I} and draw the
inscribed circle.

i I) also be outside
| pondered for a moment. Could the mcent'er ( ‘
the &rcle? Hmm.... But | had better get on with the drawings. After

—

Remow

refreshing my memory with Fig. 12, | drew and found the incenter ()]
and the inscribed circle to be inside the triangle. Actually, | could have
known that an inscribed circle could not be outside the triangle!

You are right, he said, Now draw medians and determine the
centroid (M).

This time | didn't have to look back through my collection of
drawings. | remembered that a median connects the midpoint of a
side with the opposite corner of the triangle. That being the case,
the center of balance, the centroid (M) would have to be inside the
triangle. | drew and found my conjecture to be confirmed.

The centroid (M).

Lay this drawing over a clean sheet of paper and with the metal

3 _point of the compass, poke through:

— the three corners of the triangle,
- the circumcenter (C),

- the incenter (1),

~ the centroid (M).

e the top sheet and 1«ing e poke holes as guides, draw the

triangle and mzi e three centers C, I, and M. Extend the two sloping -

sides of the triangle beyond the top corner and draw altitudes. W
.you are done, make an observation.

Fig. 27.
An obtuse triangle.
The circumcenter (C)
and the circumcircle.
The incenter (I) and
the inscribed circle.




such a triangle symbolizes, should there be one, is still enveloped,

(C) were much farther from the triangle, | could see that the very large

circumcircle would still pass through the three corners of the triangle.
The circumcircle, being symbolic of the Divine, a personality which

the vertical altitude first. No problem. Then as suggested, |

| drew
extended the two sloping sides of the triangle. Drawing the other two
altitudes, | found them to meet in a point some distance above tho

triangle. | marked it O for orthocenter.

Fig. 28.

An obtuse triangle and the

orthocenter (O).

>

Upon noticing that the four centers are spread out quite far, 1 mused
that if the triangle were flatter, even more obtuse, the orthocenter and
circumcenter would probably be located very far away from each

other, even off the page, maybe. ,
-Just to see, | drew an obtuse triangle with a very large angle, so
that the triangle became quite flat in shape. | drew perpendicular
bisectors of the sides and found the circumcenter to be located near
the bottom of the page. | drew altitudes which | extended toward the
top of the page. They would have met on a larger piece of paper quite
far from the triangle. Now | could see that if the triangle were even
flatter, the three altitudes would come close to being parallel. They
would meet at a very great distance from the triangle. And the size of
the inscribed circle would be very small. But even if the circumcenter

protected by the Divine.
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Fig. 29.

An obtuse triangle with a very large
obtuse angle: The orthocenter and

Your thinking is correct, he said, but as | mentioned earlier, this
triangle is symbolic of a temporary soul state, symbolic of someone
who is momentarily uncentered, beside himself, perhaps with rage.

Thank you, | said. | hope never to be in such a state as that obtuse

! triangle symbolizes.

My eye was again drawn to the orthocenter and also to the location
i of the-altitude feet. One of the altitude feet was on the base of the
triangle. The other two were on the extensions of the other two sides

< .
) circumcenter.
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of the triangle. I joined altitude feet. So here is what it looks like. Isn't
the orthocenter supposed to be inside the pedal triangle to serve at
the same time as center for the circle that touches its three sides?

Fig. 30.
An obtuse triangle and its pedal
triangle. The orthocenter.

From the point of view, he said, of your limited experience, yes. But
the obtuse triangle has already demonstrated some features very
different from what you have observed so far. Perhaps you could have
expected one unusual feature to be followed by others. The center of
the circle that touches the three sides of the pedal triangle is not the
orthocenter. Can you find where that center is? )

Gudessing that the center ought to be somewhere there already, |
put the metal point of the compass at the top corner of the obtuse
triangle and adjusted the opening to touch one side of the pedal
triangle. | drew a circle. It touched three sides. The center of the circle
that touches the three sides of the pedal triangle is the corner of the
obtuse triarfgle that make the obtuse angle. Bizarre! The orthocenter
has been replaced by the corner of the triangle.

Fi

g. 31.

An obtuse triangle. The
orthocenter, pedal triangle and its
inscribed circle.

this new triangle, where would they be?
Hmm... One altitude would be the vertical one as before, and the
3}2;?; It(:vo would have to be the two sloping sides of the formtler obtuse
Good. Can you see that the altitude feet for the scalene triangle are
at the same place as the altitude feet of your former obtuse triangle?
So they are. Astonishing! '
And the pedal triangle is the same for both the: imagined scalene

 triangle and the obtuse triangle you drew,

Yes, | see it now. The same pedal triangle for two different triangles.
Who would have expected...?
They are different, yes, but they are closely related. Now, where is the

orthocenter of the imagined scalene triangle?

“"Why, where it should be, in the center of the little circle, which is
the same circle for both my obtuse triangle drawing and the imagined
scalene triangle. But they would have to be the Same, wouldn't they,

because the pedal triangle is the same for both,
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You are right, he said. If you hadn't drawn the obtuse triangle with
heavy lines and marked the orthocenter (0), the two—the triangle you
drew and the one you imagined—would be identical. They symbolize
the same person, his soul state in a fit of rage, as in your drawing, and
as he is normally as in the imagined drawing. | used the word “identical”
Actually, circumcenter (C), incenter (1), and centroid (M), if plotted,
would be in different locations for each triangle.

I understand, | said It is still all quite amazing. Thank you. But there
is one more triangle that | am anxious to explore with your help. Itis the
right triangle, the one with the square corner. It is not likely that | would
have drawn such a triangle. -

You are right, he said, but now draw one.

How do 1 start?

There are several ways to draw a right triangle. The easiest is to trace
the corner of a sheet of paper for the two sides that form the right angle
and then drew any sloping line for the third side. But a method that
might interest you more is the following: _

With the straightedge, draw a line across the page. With any compass

‘opening, about 2% inches will do, place the metal point somewhere on

the line near the middle, and draw a half circle, cutting the line in two
places. Erase the ends of the line beyond the half circle. Select any
point on the half cifcle and with the straightedge, join it to the ends of the
line. This triangle has now its right angle at the top. The side opposite
the right angle, the base in this case, is called the hypotenuse.

| drew, and it looked like this.

Fig. 32,

30

Aright triangle ina
.- semicircle.

o

-1 checked the accuracy of my right triangle drawing by putting the

corner of a sheet of paper into the right angle on the half circle. It
checked. The angle was a right angle. At the same time | puzzled over
the statement, Select any point on the half circle... Any point? | picked
several points and drew triangles, checked the angles at the half
circle with the corner of a sheet of paper. They were all right angles.
Astonishing. Then | showed him this one.

Good, he said. Now erase the half circle, determine the location of
the circumcenter and the orthocenter, and make an observation.

Here we go again. First, the perpendicular bisectors of the sides.
Soon I'll be able to do this in my sleep. Sleep!? All along, since the
beginning of this adventure, it all seemed like a dream. Hmm.... But

_let's get on with the drawing. | drew and found the circumcenter to lie

exactly where | had originally placed the metal point of the compass to
draw a half circle (1 did look back to Flg. 9 to verify my construction).

Fig. 33.

Aright triangle.
Circumcenter (C) and
circumcircle.

Observation number one: Thz circumcenter is the midpoint of the
hypotenuse. Come to think of it, if | had drawn a complete circle
instead of just a half circle at the beginning, the circumcircle would
have been drawn, without perpendicular bisectors indicating where

i the circumcenter is located. :
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You have observed well, he said. Continue with the next part—the
orthocenter.

He didn’t ask me to locate the incenter and the centroid. But, of
course, they would be somewhere inside the triangle. You can’t draw a
circle in a triangle unless the center of that circle is inside the triangle.
And the center of balance has to be inside the triangle, too. Perhaps
the orthocenter is another surprise. | began to draw and soon noticed
that the two short sides of the right triangle needed to ve extended,
to draw the arcs. When | was done, it looked like this. You can see
that, to avoid clutter, | drew the triangle again, this time without the
perpendicular bisectors of the sides and their construction arcs. Not
wanting him to see me make a silly mistake, | took a quick look at Fig.
16 to check my construction.

Flg. 34. -

A right triangle with altitudes. ,
Two of the three are sides of the

triangle.
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As | was drawing, | noticed that the vertical altitude was no surprise.
But the other two altitudes were. They lined up exactly with the two
short sides of the right triangle. '

Good observation, he said. Now make an observation about the
pedal triangle.

I looked at the drawing for a time. Is it possible? There is no pedal
triangle. One altitude foot is on the base of the right triangte, on the
hypotenuse, and the other two are both at the right angle. Joining
them all we have a straight line.

You are right, he said. There are few people whose soul life is

" symbolized by a right triangle. Such a person has one soul quality

strongly developed in contrast to the other two. Perhaps he is over-
intellectual. But there is some inflexibility, some inability to adapt to
varying circumstances. Having a right triangle as symbol of his soul
life, he might insist that his way is right, even if times have changed.
The square corner implies a “square” personality (if | may use a
slang expression). He is- old fashioned. The slightest change in the

- length of one or the other short side would separate the two altitude

feet that were one, making an pedal triangle possible, and also its
inscribed circle. Of course the inscribed circle of the right triangle is
still possible. This personality needs only small change in one of the
soul qualities, perhaps the feeling life, to bécome more human, more
able to get along with others. The circumcenter and the orthocenter
are not inside the triangle. Nor are they outside. The condition is not
that of an obtuse triangle.

But moving on, he said, we need to concern ourselves with three
more circles that are connected to your triangle.

Three more circles? We already have three—the circumscribed
circle, the inscribed circle, and the little inscribed circle of the pedal
triangle. Three more? .

Yes, he said. These other three circles also touch the three sides of
the triangle as does the inscribed circle, but in a different way.

Should | be surprised that there are more surprises?

You will need to bisect angles, he said. Do you remember how? It’s
been a white. Here is a reminder. '
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Good, he said. Now bisect angle 6 and extend, if necessary, the
bisectors of angle 1 and angle 6 so that they cross. Place the compass
point at the crossing of the angle bisectors and adjust the opening so
that a circle just touches the side of the triangle between angles 1 and
6. This circle is called an escribed circle. Does this escribed circle also
touch the extensions of the other two sides? .

Why, yes, | exclaimed. | never would have thought that a circle other
than the inscribed circle of a triangle could touch all three sides.

Fig. 35.
Bisecting an obtuse angle.

Thank you. It saves me rummaging through all my papers.

Draw your scalene triangle again, he said, this time somewhat
smaller—a distant view, if you like. Extend the sides in both directions
right across the page. Number the six obtuse external angles, and
A bisect angle 1.

| drew but | had to ask for help identifying the six obtuse external
angles. Then I bisected angle 1.

Fig. 37.
A scalene triangle.
External angles 1

and 6 are bisected to
determine the center
of one of the escribed
circles.

Fig. 36.
A scalene triangle,
showing the six external

obtuse angles. Angle 1is
bisected.

Without being told, | guessed that | was to repeat this procedure and

draw the other two escrited circles. He nodded, so | bisected angles

~ 2 and 3 and drew the second one, then | bisected angles 4 and 5 and

drew the third one. Because the drawing locked cluttered with all the

construction arcs and lines, | made a copy omitting them. And here it
is—the three escribed circles of a scalene triangle.

| . 35
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Fig. 38.
A scalene triangle afid its
escribed circles.
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Good, he said. Can you imagine what these three escribed circles
might symbolize?

I understand, | said, that the circle is symbolic of the Divine. A
circumcircle symbolizes the enveloping Divine. The inscribed circle
symbolizes the indwelling Divine, and the little circle in the pedal
triangle symbolizes the divine part of my higher self. But that little
circle must be on a higher level, | would think. Regarding the three
escribed circles, | don't know.

You are right, he said, about the Divine worlds having several
levels. But a lower self and a higher self cannot easily be drawn on
a sheet of paper. The Divine worlds have different levels and also
different regions. Someone inspired to good deeds is in touch with
one region. Another inspired artistically is touch with another region.
So, St. Francis and Mozart were each inspired by different regions of
the Divine worlds at moments when they were most active in whatever
they became famous for. One region of the Divine worlds touches
one soul capacity directly and the others as well but less directly. An
escribed circle touches one side of the triangle directly, and the other
two less directly in that it touches their extensions.

It's overwhelming, | said. Geometry should be spelt with a capital
G.

Perhaps so, he replied, if it is a chapter out of the Book of Sacred
Geometry. But now that you have learned how to draw the escribed
circles to your scalene triangle, it should be possible to draw three
escribed circles to its pedal triangle.

| suppose so, | responded. One should be able to draw escribed
circles to any triangle.

But while | was saying this | was somewhat dazzled by the idea of
yet another three circles connected with my scalene triangle. Soon |
‘will lose count.

. Draw, he said, and make an observat:on.

I copied my original scalene triangle with its pedal triangle, Fig. 17,
and began to draw escribed circles, not expecting anything unusual.
First | extended the sides of the pedal triangle. Then | began to bisect

-the external angles, and lo, the bisectors were already there, as sides

of my scalene triangle. And the centers of the escribed circles were
also already there, as corners of my scalene triangle. Who would have
thought...? Everything is connected! | erased the arcs needed to draw
the angle bisectors so as to avoid a cluttered looking drawing, and
here it is:
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Fig. 39.

A scalene triangle and the
escribed circles of its pedal
triangle.
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Yes, he said, everything is connected. You have observed well.
Having now become acquainted with escribed circles, look back
at your drawing of the obtuse triangle with its pedal triangle and its
external orthocenter. ‘

I rummaged through my papers and found the drawing. It was Fig.
28.

Copy that drawing by poking through on to a clean sheet of paper
the:

~ corners of the obtuse triangle
~ orthocenter
— altitude feet. -

Then using poke holes as guides, draw the obtuse triangle, the
three altitudes, and the pedal triangle with sides extended. Add to
your drawing the three escribed circles of the pedal triangle and make

_.an observation. - ' o
.1 drew first the lower right escribed circle, knowing that its center
- ‘'was the corner of the triangle, then the lower left escribed circle. Then,

taking a chance, | put the compass metal point at the orthocenter and
drew a circle that touched the third side of the pedal triangle. And it

* touched the extensions of the other two sides! Beautiful! Everything is

connected.

Fig. 40.

An obtuse triangle and the
escribed circles of its pedal
triangle.

Everything is connected, he echoed my comment again, and there
are more connections. There is also another circle connected with a
triangle.

Is it possible...? After having found the escribed circles, | assumed
that finally we had exhausted the number of circles. But they ali made
sense so far. Maybe this new one will also be meaningful.

Draw a triangle, he said, similar to your original triangle, but a little
smaller. | suggest a base of about 3% inches iong. Open the compass
to about 3 inches and with metal point at one end of the line, draw an
arc. Then with the compass opening about 2% inches and metal poi




i tting the first one. Join the
ther end of the line, draw an arc cu : .
Ztc.z::? a(t) which the arcs cross to the ends of the 3% inch line, and there
t.
. The measurements need not be exac '
youere - Draw perpendicular bisectors of the sides and mark the
circumcenter (C). ‘ |
— Draw angle bisectors and mark the ‘lncenter M.
— Draw medians and mark the centroid (M)iO)
i ter (O).
— Draw altitudes and mark the orthocer)
Using the straightedge, draw a line from the cnrcumcenter'(C) to the‘

ter (O) and make an observation. _ o .
Ortlhc(i)r‘i:nr/] Yomg t)he reader of this adventure, drawing the figures, might

want to be reminded about constructions. Lpok up Fig. 9, Fig. 12, Fig.

14, and Fig. 16.

Fig. 41. )
A scalene triangle. The four centers,
and the line joining the circumcenter

(C) and the orthgcenter (0). , ><
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There was, in fact, a significant observation to be made. The four
centers which seemed to me to be randomly distributed within the
triangle were not. The circumcenter (C), centroid (M), and orthocenter
(O) lay on a straight line. The incenter (1) was a little to one side. It
appeared not to belong. Pity. _

Good so far, he said. Find the midpoint of that CO line and with
the metal point of the compass at that midpoint, and pencil at the
midpoint of one of the sides of the triangle, draw a circle and make an
observation. v o

I drew the same figure again, using the “poke hole” method, but
leaving out the construction arcs. .

I could have found the midpoint of that CO line in the way | began
to draw perpendicular bisectors of the sides, but instead, because
there were so many lines in the triangle, | just used a ruler with fine
gradations, measured and divided by two. | drew the circle as directed.
Surprise! The circle passed through the three midpoints of the sides
and through the three altitude feet. It's a six-point circle!

Good, he said, but notice where that circle crosses the altitudes.

It took me a.long time puzzling over this one, but suddenly, | thought
I saw the circle crossing one of the altitudes maybe half way between
orthocenter and triangle corner. | measured and sure enough, each of
the three altitudes were crossed at the same place—at the midpoint
between orthocenter and triangle corner. Now it's a nine-point circle!

Fig. 42.
A scalene triangle.
The nine-point circle.
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Very good, he said. You are becoming more and more obsewant.
Draw the inscribed circle and the three escribed circles.

| drew. Surprise again! This inscribed circle just touched the nine-
point circle in one place. So, the incenter, not lying on the line joining
the circumcenter and the orthocenter is after all connected with the
nine-point circle but in a different way. ‘ .

| reminded myself of the escribed circle construction by looking
back at Fig. 37, And then | saw that each of the escribed circles also

“touched the nine-point circle in one place. Now it's a thirteen point

circle! | erased all the constructions arcs and here is the final result.

Fig.

43.

The thirteen-point circle.
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Good, he said. Very good. What can you make of the thirteen-point
circle? Does what we have been doing so far lead you to imagine the

symbolism in this drawing? Ponder for a moment and....

The alarm rang, ! woke up. Time to get dressed, eat breakfast
and go to work. But it was hard to concentrate on my work that day.
Everything is connected. All the regions of the Divine worlds find
expression in an orderly way in and around my soul life, even though
| am far from perfection.

I must write it all down before | forget any part of it. And draw all
those diagrams. If | draw first, the writing that goes with the drawings
will come to mind. So, | sat down after | came home form work and

drew. And when | was done, | heard a voice, | was sure | heard a
voice.

Good, he said, very good.
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EQUIPMENT

For geometric drawing it is vital to have the proper equipment.
Sheets of paper 12 x 18 inches are large enough to rractice the various
techniques well and still not too large for the average classroom desks.
The principal instruments for geometric drawing are compasses and
two drawing triangles. The compasses can be from simple pencil com-
passes to the best drawing sets, depending on the purpose of the work
and the means available. Drawing triangles are used to draw parallel

and perpendicular lines, as well as straight lines of different directions,
. particularly 45°, 30°, 60°, 90°. Drawing triangles of celluloid are
" recommended, one an isosceles triangle with the angles of 90°, 45°,

45° (the recommended size of the longest side between 12 and 15
inches) and the other, 15 of an equilateral triangle of the angles of 90°,
30°, 60° (the recommended size of ‘the longest side between 12 and
15 inches). Should the expenditure for them be prohibitive, self made
triangles, cut out of strong cardboard, can take their place.

- Another tool is a ruler preferably with both inches- and centimeter-
scales (we recommend wooden rulers, 12 inches long). Further ma-
terials are pencils and erasers. Geometric drawing pencils should be
used exclusively for geometric drawing; they need to be sharpened
with finer points than notebook pencils and would break if they were
used for other purposes. We recommend No. 2 or No. 3 pencils (No. 1
are too soft and the carbon smears on the paper and the No. 4 are
too hard and strain the eyes). The pencils should be of good quality.
Two kinds of erasers are used for different purposes, a soft erasér
(art gum, for instance) for erasing fine lines of construction and an
ink eraser for making corrections of strongly drawn lines.

The drawings should not be bent or rolled. Each plate should be
a carefully treated and well completed piece of work with a hand
lettered heading (not handwriting). A heading lettered in large and
small letters between three equally spaced harizontal lines produces
the best results. The same script. only smaller. will be used for the name
and the plate-number.

The use of color, colored pencils for lines and areas. or even water-
color washes for areas, can bring out certain geometric elements much
more clearly. Some students may find this difficult at the start, but it
will bring them much satisfaction as they acquire the necessary skill
through practice, patience and perseverance. ;




DIVISIONS OF A CIRCLE
POLYGONS AND STELLAR POLYGONS

AfThe _regular forms are a natural start for the study of geometric

pre

aHoR

in part by means of a few.simple construction lines and in part out
of a rich mathematical background

vmg They are obtained by dividing a circle into equal parts. Such

THE 6-DIVISION

The 6-division takes a specnal position among construction processes.
It is constructéed by opening the compass to the radius of the circle,
the same measurement by which the cnrcle itself was drawn.

The steps for dividing the circle into six equal parts are shown in

the following diagrams (Figures ! 5)

&
)

F's"rci-

Figure 5

fsions. are carried out with different constructions. These are done ,_

The 6-DIVISION of a CIRCLE.

The beginning of the construction is the same as in Figure 1 with
a vertical diameter dividing the circle into two parts. Drawjng triangles
are used. One triangle is placed against the upper margin of the paper
and the other is held against it as shown in Figure 6.

AN

Figure 6

The vertical line marks the highest and lowest points on the circle.
The compass needle is then placed in the highest point and an arc is
drawn inside of the circle with the same radius as that of the circle
(Figure 2). The arc intersects the circle at two points. These are used
for the next positions of the compass needle. With their positions and
the same radius, two further arcs are drawn within the circle (see
Figure 3). These arcs again intersect the circle and furnish two addi-
tional intersection points in the lower half of the circle. These points
are used once more as centers for the next arcs (Figure 4). Finally an
arc is drawn from the lowest point of the circle, completmg the diagram
of Figure 5.

It is helpful for the student to be given the correct measurements on
his paper. These are marked in inches for a 12 x 18 sheet. (Figure 7).
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Figure §
The seven circles of the 6-Division construction.

The special role of the 6

' ~division of a circle can be shown by means
of an experiment with coi

ns. Taking seven coins of the same kind and

12

Figure 10
Arrangement of 7 circles  Drawing of combination of 7 circles

In Figure 10, the centers of the circles are marked and dotted lines are
drawn between them. The distance between the centers of two circles
which are tangent to one another is two radii. The construction of
Figures 1-5 finds its explanation in the relationship of these circles.

By connecting the centers of the six circles or the points of any
6-division of a circle, one obtains a regular six-sided polygon, a hexa-
gon (see Figure 11).

Figure 11
Regular hexagon

Figure 12.
Stellar hexagon

Figure 13
Inner stellar hexagons

Figure 12 is drawn ‘without the circles by just following the movements
of the 6-divisions as before and leaving only traces behind. The points
of the 6-division are then joined and one obtains the hexagon. In Figure
12 the same points are joined so that every point is connected with the
second one following it along the circle. This results in a six-pointed star
(stellar hexagon) inscribed in the hexagon.

13




iliheA__s_g_l_xglents may- discover on their own that the central space left
in the stellar Fexagon _is again a regular hexagon in which another stellar
hexagon can be inscribed. In this manner one continues and can go on
indeﬁnitely. In every hexagon there is an inscribed stellar hexagon and
in every stellar hexagon in turn, another hexagon - (Figure 13). The

measurements for a plate with the figures 11 to 13 are given in Figure
14,

THE 12-DIVISION

From the 6-division of a circle one can continue to its |2-division.

'One way is drawn in Figure 15. It uses the same circles as in Figure 8§
and proceeds by joining their points of interesection with the center

of the diagram.

Figure 15
12-Division of a circle

Another way introduces the construction of bisecting an angle. Be-
tween two neighboring points of the 6-division of a circle as their cen-
ters, arcs are drawn with any equal radii, large enough to yield an
intersection point between them. From this point a line is drawn to the

center of the given circle. Where it cuts this circle is an additional point
of the 12-division.

Figure 16 /f/}:}; y

~ Bisecting an angle in proceeding from the’ &7 N

e

6-Division to the 12-Division of a circle. ‘&

£




Figure 17

- Figure 290

Figure 21 Figure 99

The different stellar
dodecagons

‘Joining the 7th, 8th, 9th, 10th, or 1ith 'points brings one again back
to the same diagrams. The stellar dodecagon of Figure 18 is composed
of two interlaced hexagons, the one of Figure 19 of three interlaced
squares and of Figure 20 of four interlaced equilateral triangles. The
stellar dodecagon of Figure 21 is a continuous line. On its completion
it returns to its point of departure. In Figure 22, the dodecagon dis-
solves into six diameters.

To arrange a plate of the dodecagons on'a I x 18 sheet the meas-
urements are marked in Figure 23.
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There are number relationships connected -with the different stellar
polygons. If the two determining numbers, that of the vertices of the
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polygon and that of the steps spanned by the connecting lines (with
Figure 18, for instance: 12 and 2) have a factor in common (with
-Figure 18 the factor is 2) the total stellar polygon dissolves into
two or more separated bolygoné. If the determining numbers have no
factors in common besides the self-evident “one™ (in Figure 21: 12 and
5) the stellar polygon is a continuous line.

THE 24-DIVISION

Bisecting the arcs between the
one arrives at a 24-division. Joining
a 24 sided regular polygon. Joinin
of these points various 24 sided st

all, one obtains a 24 sided regular
ure 24).

points of a 12-division of a circle
its points consecutively one obtains
g every second, third, fourth, etc..
ellar polygons result. Drawing them
-polygon with all jts diagonals (Fig-

ﬁigure 24
24 sided polygon with all diagonals

g ]

. ‘ H & ure-
For & plate with the 24 sided polygon-on a 12 x |8 sheet the measure
ments are given in Figure 25.
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Figure 25

VARIOUS DIVISIONS INCLUDING 5 AND 7

Further divisions with their respective regular polvgons an -S;i”:;;
polygons are described with the following dlagrams: The' 21-:]“516 e
the chircle is completed by drawing a diamete.r (contained in lg(;l.r eter.
The 3-division is part of the 6-division and is complet-;d by 1 iam iy
and one arc (see Figure 26). The center of the arc 1§ the ov:jg eOf
of the vertical diameter and its radius i.s the same as the r? llusand
the given c¢ircle. The 4-division is carried out bv the vertica :
horizontal diameters (see Figure 27).

Figure 27
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Figure 28

Figure 29

[ =

Figure 30

Figure 31

Various divisions of a
circle

The 5-division i
of a circle has its i
o i : mathematical back round i
TeaCherﬁec\;u;n)((?lmpare he article by the author in “Thf Mather::1 tt‘he
, Vol. No. 1). Its const ion i o
Te > . ruction is an absol i
o che . ' solute constr ;
o < rl;:zt {o a;! decimals of jts measurements, Its lines are sh(;l\a\c'!rionp
S in Figure 28. The circle with its vertical and horizont:
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diameters is drawn first. Then one bisects the upper radius of the ver-
tical diameter and places the compass-needle in its mid-point. The com-
pass is opened to one of the end points of the horizontal diameter and
an arc is described insid~ of the circle. The distance of its point of inter-
section with the vertical diameter from one of the end points of the
horizental diameter equals the side of a pentagon. inscribed in the
circle. Taking this length on the compass and cutting it off on the circle
from the upper end of the veitical diameter to right and left yields
the two points which — together with the upper end of the vertical
diameter — are three points of the pentagon. The rest of its points are
obtained with the aid of another measurement which is also taken from
the described arc. It is the distance from the lowest point of the arc
to the center of the original drcle. Taking it on the compass and cutting
it off on the circle from its lowest point to the right and left one gets
the fourth and fifth points of the pentagon. By connecting the five pen-
tagon points consecutively one obtains a regular pentagon. Connecting
every second of these points one gets a stellar pentagon (see Figure 28).

In Figure 29, is shown the 7-division of a circle. This is an approxi-
mate construction and gives the length of the side of a regular seven-
sided polygon, the regular heptagon. The accuracy is sufficient to make
Figure 29 as good as an absolute construction. The lines of construction
are partly drawn as dotted lines. The sides of the regular heptagon
equal the altitude of an equilateral triangle whose sides are the radius
of the circle. The heptagon side is then cut off from the highest point of
the given circle three times along the circle to the right and to the left.

The 8-division of a circle (see Figure 30) is effected by bisecting
the arcs between the four end-points of the vertical and horizontal
diameters. The diagram shows the regular octagon and the stellar
octagon connecting every third point.

The 10-division of a circle (see Figure 31) can be obtained by
bisecting the arcs between the 5-division poinis or by applying again
the length which had been used in the 5-division for obtaining the last
two points of the pentagon.




TRISECTION OF AN ANGLE

For further divisions of the circle it is also useful to have a construc-

tion f'or the tri-section of an angle. In the following diagram the con-
struction of Viéte is described (Figure 32).

Figure 32

' A Trisecting of an angle

The angle which is to be trisected is*drawn in stronger lines. About its
\ie_rtex is drawn a semi-circle with any chosen radius. placed as in
Fllgure 32. The length of its radius is also marked on the edge of a
piece of paper (AB to the left of Figure 32). The piece of paper is
then taken up and placed on the diagram in such a way that three
conditions are met: ' )

I. The point A lies on the prolonged diameter of the semi-circle,

The point B lies on the semi-circle.

”

3. Thc edge of the paper passes through point C. the point of
N ~ Intersection of the semi-circle and the inclined leg of the angle.
l‘he' line ABC will thus occupy a determined position.. which holds
distinct angle against the horizontal. A line parallel to its direction
drawn through the vertex of the given angle is drawn in 'dotsvand
dashes. It cuts off exactly 1 '3 of the given angle.(*)

—

“The proof for the trisection-construction o as T i
[ he pr for | st proceeds as follows: The
ahnglq 1s CMD in F»gure 33. AM is a prolongation of MD. The placir%lgvg?
Ibe ‘hne~ ABC following the trisection construction makes AB=MD=MC
ll){(c.onst'rucuon. The points B and M are joined by a dotted line: BM is
;‘h:) ;:vsll.l! tolMCI, to MD and to AB. 1n the triangle ABM. being isosc s,
th k*?‘ Angles on the base are equal (marked with single arcs). The
Marked angie at B is S an extertor angle of the triangle ABM and therefore
equal to the sum: of jts non-adjacent interior angles, to 2 single-arc-angles.

1%
12

It is marked with a double arc. In the triangle BCM. being also isosceles,
" the two base angles are equal; both are marked with double arcs. This
angle also equals the angle marked with double arcs at M. an alternate
interior angle.

-

Figure 33
Proof of the trisection
construction

The given angle CMD is therefore the sum of the two angles, one marked
with a single arc and one with a double arc: it equals 3 single-arc-angles.

Occasionally the statement is heard that one cannot trisect an angle.
This means to say: Using only an unmarked ruler and a compass one
cannot trisect an angle. The previous construction uses a marked
straight edge but is just as exact as a construction with straight lines
and arcs only. »

EXPERIMENTING WITH PAPER CUTOUTS
CF POLYGONS

Among the qualities of stellar polygons the following may be men-
tioned: When "a five-sided stellar polygon is cut out of paper and the
outer parts are bent inside (see Figure 34) another stellar pentagon is
obtained within the central area.

Holding the folded paper before a light, one will see the whole stellar
pentagon in the inner part of the cut as darkened areas. Each one of
the triangles which have been bent over reaches exactly the opposite
vertex of the inner pentagon. The experiment invites the question
whether this fact will repeat itself with other stellar polygons. With 'the
stellar hexagon of Figure 35 we find that the stellar triangles when bent
inside no longer reach the opposite vertices of the central area but all
meet in the center. The bent parts of the paper held before a light do
not reproduce the six-sided polygon but evénly cover the central area
(Figure 35). Bv cutting out a seven-sided stellar polygon (stellar
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and by bending its outer triangles
inside, we obtain a new inner stellar heptagon (Figure 36).

Figure 34
Experimenring with paper cuts
of polygons

KX &

Figure 35
Bending a stellay hexagon

O e

Figure 34
Bending a stellay heptogen

. ich

i f 9 I, 13, 15 sides, whic
: ie occurs with stellar polygons of 9, I e
::\i: Sti::s drawr by connecting the 4th, 5th. 6th, 7th points respectively

ing the
(in general with every 2n + 1-sided polygon drawn by connectmg
nth points).

/




) Figure 40

The §tel]ar polygoqs of 8, 10, 12, 14 sides which are obtaip=d by
connecting every point with the 3rd. 4th, 5th, 6th

polygons of 2n sides draw s’

vn t3y_ connecting the (n—1)th points’: show
X-sided stellar polygon. The stellar trizngles

numbers,

» PRACTICAL APPLICATION
A practical application of stellar

o H polygons is the compass-n::
which is used in navigation and foun pass-paztern

d on boats and planes, as wzl] ag

t and West and a secondary emphasis c- the

directions between them (NORTHEAST = NE, SE, SW and NW)

as seen in Figure 42,

Figure 41
- Sixteen-sided stellar
polygon

Compass patrern

GEOMETRIC PROGRESSION
AND EXPERIMENTS WITH PAPER CUTOUTS

From the constructions of regular polygons one can proceed to
sequences of polygons. Figure 43 starts with its outer equilateral tri-
angle.

Figure 43
Inscribed triangles

There are various ways of constructing an equilateral triangle. Using
compasses one may proceed with a 3-division of a circle as in Figure
26. Or, using only a drawing triangle with the angles of 90°, 60° and
30° one may start with the base and apply the angle of 60° at each
end of the base, getting the inclined sides of the triangle. Their inter-
section point is the top of the triangle. Another way starts with the
base, but then takes its length in the compass, places the needle at its
end points and draws arcs. The arcs intersect at the top of the equi-
lateral triangle. If the compass should not be large enough to span
the total length of the base, one can proceed as in Figure 43 and take
into the compass half the length of the base. Thus one first gets the
tops of the 2 small triangles above the base. From them. putting
another triangle on top, one reaches the large triangle. Still another
way, makes use of the altitude of the equilateral triangle, etc.

After the outer triangle of Figure 43 is drawn, one finds the mid-
points of its sides. This is a task of bisecting given line segments.
Various ways can again be followed. One of them uses.a ruler with
inches or centimeters. Another one transfers the length to the edge of
a paper and folds it over. The most precise way proceeds with a com-
pass as seen in Figure 44,
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Figure 44
Bisecting a line-segmen;

Opening the Compass to 3 Span larger thap half the given length ang
plaéing the compass needle first On one and thep on the other eng

the line segment at jtg mid-point,

By joining the midpoints 6f the three sides of the triangle in Figure
43, one obtains ap inscribed triangle. Though a side of the inner tri-
angle €quals one-half of the side of the outer one, its area js only one-
quarter of the area of the outside triangle. At th;
the question - Does this relationship of one-half of the length and one.
Quarter of the area hold good for equilateral triangles only? First one

S point one may rajse:

Figure 45
Dividing various triangles
into four equal parts

' i ack and tze
In Figure 46, two of the four hexagons are ‘;irtaw;; tl;;all:lgles formins
’ - -
in twice six equilater S, X
i areas are composed of > ; : it
remal;m[:a.gons Finally, one may mention that this relanons};l;;u;;ves
: ’ - - .
;WO n(;xfgrm whether composed of straight lines or even o
or any. ,

Figure 46
Four hexagons of half the
side length




If this ‘construction of inscribed
each time ‘oining the mid
triangle, ore obtains a geo

equilateral triangles is continued,
-points of the three sides of the preceding
metric progression.

Figure 47
Geometric progression of
equilateral triangles

In t_he Sa7e way geometric progressions can be obtained for

any poly-
gon. For scuares, for instance, this is drawn in Figure 48,

Figure 48
Geometric progression of
squares

Comparing Figure 47 and Figure 48 one notices_:.hf)w much more
slowly the squares diminish ihan the triangles. The higher th'e p'qm_t?er
of the vertices of polygons, the slower is the process of (}'1e dnmnmshnpg
geometric progression. Another example is given in Figure 49 with
a geometric progression of hexagons.

Figure 49
Geometric progression of
hexagons



" Joining the mid-points of

geometric progressions with ooly

sides of the squares have bee-
could also be used.

the sides is not the only way to set up
gons. In Figure 50, for instance, the
divided into quarters. Any other fractions

sion onc can also werk wit=
rings of twelve squares.
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Instead of using single poixgons as members of

Figure 50

Inscribes squares Jjoining points at
onc-qui-ter of the sides of the
Trevious squares

a geometric progres-
combinations of them. Figure 51 uses

Figure 51
Geometric progression of
rings of squares

The diagram starts by dividing a circle into twenty-four equgl parts.
Connecting every second of the points of division and drawing pro-
longed radii through the rest of them one obtains the diagpnals of the
squares of the outer ring. The squares arc drawn by making the four
distances from the center to the four vertices equally long. From one
ring one procecds to the next inner one by repeating the constnfctlon
in the same way. Geometric progressions of this kind are found in or-
ganic structures. on the badk of pine cones, on the central part of sun
flowers. etc. v )
Experiments with geometric progressions can also be carried out
through paper cutouts. Taking a sheet of writing paper 8% x 11
inches. folding it over along the inedians and afterwards once more
along a 457 line. one gets a wedge-like shape of fold. (Sec Figure 52).

‘v
‘vl




Figure 52
Folding paper

Qne holds it with the center of the sheet -downward and draws lines on
1t as in figure 53. Finally, cutting through all eight layers of paper so

that only the white parts of the last diagram remain, and after unfold-
ing. one obtains the form of Figure 54,

Figure 53

Figure 54 o
Geometric progression of squares cui out of paper

.
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Similar operations with folding paper wedges of 30° and 2244 ° yield
geometric progressions of hexagons and of octagons (_see Figures 55
and 56).

Figure 55 Figure 56
Paper cutouts of geometric
progressions of hexagons
and octagons

Stellar polygons can also be obtained through paper cutouts. The
stellar dodecagon with three interlaced squéres. for instance, can be
made with a twelve fold paper wedge of 30° by drawing the line AB on
it (first diagram of Figure 57) and the symmetrical line DE (second
diagram of Figure 57). Then these lines are turned into double lines
(third diagram of Figure 57) and cut out (fourth diagram of Figure
57). After unfolding, one obtains the stellar dodecagon of the three
interlaced squares of Figure 58.

A A D
B t B

C C

Figure 57
Making a stellar polygon by folding paper




Figure 58
Stellar dodecagon of three inter-
lacéd squares as. paper cutout

The stellar dodecagon with four interlaced equilateral triangles also
comes forth from a twelve-folded paper wedge of 30°. The broken line
ABD is drawn on it (first diagram of Figure 59) and then a symmetrical
line (second diagram of Figure 59). Then the single lines are turned
into double lines (third diagram of Figure 59). Cutting them out. as
shown in the fourth diagram of Figure 59. and unfolding. one obtains
Figure 60. .

Figure 59
. Consiruction of a
Stellar dodecagon of four
equilateral triangles
as paper cutotut
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Figure 60

Some students show much more skill with paper cutouts than on the
drawing board or in other class-work, The more we vary the media
with which we work, the more we call upon different latent talents and
interests in our students. '




'LOGARITHMIC SPIRALS

Taking up the geometric progression as in Figure 48 and emp}iasiz-
_ing the areas between the lines ‘alternately in black and white one can
arrive at the diagram of Figure 61.

Figure 61
Logarithmic spirals in a
geometric progression

It shows the close connection between certain lines called logarithmic
spirals and geometric progressions. Such lines are formed of half-sides
of the successive squares. The name “logarithmic™ refers to their
connection with the sequence: 10! = 10: 102 = 100; 10% = 1000, etc.
I'=log 10: 2 = log 100: 3 = log 1000. etc. The exponents grow in
. arithmetic progression and the numbers ten: hundred: thousand . . .
in geometric progression. The exponents arc called the logarithms
of the numbers ten: hundred. thousand . . . In the logarithmic spirals
the central angles grow in equal steps of 45°, whereas the lengths and
areas grow in geometric progressions.,

38
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Analogous treatment of hexagons. leads to figure 62, and for
octagens to Figure ¢3.

Figure 62
Logarithimic spirals with geometric
i progressions of hexagons

29



Two families of logarithmic spirals make their appearance also with \

the geometric progression of the rings of twelve squares (Figure 51).

| .
The construction of logarithmic spirals without polygons can be done : ' B
in the following way: A circle is divided into a number of equal parts, B
in Figure 64 into twenty-four parts and the radii are drawn through all ;
points of division. Then. starting with the top point of the circle a '
perpendicular is drawn to the following radius (see Figure 64). eic. ‘

Figure 64 X
Construction of the logarithmic
spiral with a 24 Division of
acircle
Figure 63
Logarithmic spirals with geometric ,
progresions of actagons The perpendiculars form a sequence of cords of the logarithmic spiral.
’ By connecting the foot points by means of a curve the spiral appears as . | .
a continous line, instead of a line broken into straight-line segments. : %
In Figure 65 this is done with a 12-division pf a circle.
¢ * 41
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shell of the nautilus.

Figure 65
The logarithmic spiral drawn
as continuous curve

Logarithmic spirals appear frequently in nature. An example is the

Figure 66
The nautilus shell

42

In Figure 66. the nautilus shell is seen cut in half as it is exhibited in
the shell museum of Rollins Coliege in Winter Park, Florida. There
could be no better description of the geometry of spirals than that in
the poem of Oliver Wendell Holmes. 'The Chambered Nautilus." The
animal in the shell proceeds from chamber to chamber as i. grows in a
geometric progression. The iogarithmic spiral is indeed the geometric

~expression of organic growth.




. THE SPIRAL OF ARCHIMEDES
AND THE CONSTRUCTION OF LEAF FORMS

The logarithmic spiral can be contrasted to another spiral which is

Ry v

céqn‘ected with an arithmetic progression in the same way that the
logatithmic spiral is with a geometric one. Its disco.ery goes back to
antiquity to Archimedes and jt has the name Spiral of Archimedes. In
Figure 67 it is shown with a 16-division of a circle. Its points are ob-
tained by moving from radius to radius in equal steps towards the cen-
ter. The spiral starts at the periphery of the circle. On the next radius
itis a certain distance inside the circle. This distance can be chosen at
will: but once it is chosen the other points are determined. for the curve
will be on the second radius twice this distance inside the circle, on the
third three times this distance etc.. until the length of the radius is ex-
hausted and the curve ends at the center. When sailors aboard ship
wind up the ropes, these form spirals of Archimedes. In a smaller

scale all record discs have spirals of Archimedes pressed in, along
which the needle glides.

. Figure 67
Spiral of Archimedes
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With the aid of spirals one can construct various forms of leaves.
The contour ot a leaf displays a sequence of distances of ‘its points
from the point on which the leaf grows. In general, the tip of the leaf
has the greatest. distance from it. The distances then decrease on both
sides of the edge until they finailly come to zero. The process of. de-
creasing can follow many different functions. The simplest is the de-
creasing by equal steps. Figure 68 shows |6 equal arcs around 1 circle.
Among the 16 radii one points upwards to the tip of the leaf.-

Figure 68

Leaf form from a circle

0 12 34 5 678
Figure 69
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Its distance from the center is the full radius of the circle. On the
other radii. the distances get smaller. The lengths which h:ve been
subtracted from the full radii follow the sequence of the vertcal lines
in the Figure 69 of the corresponding numbers. From point O i1 Figure
68, no length is subtracted. From the radii through the points number
! in Figure 68 the lengths above point number 1 in Figure 29 have
been subtracted. From the radii through the points number 2 i- Figure
68 the lengths above point number 2 in Figure 69 have bzen sub-
tracted, etc until from the.radius through point 8 in Figurs 68 the
lengths above point eight in Figure 69 are subtracted. This is its total
length. The resulting curves are spirals of Archimedes.

Proceeding to an equilateral triangle and carrying out an azalogous
construction we obtain Figures 70 and 71.

-

il

0 1 2 3 456 7 8 9 101112

Figure 70

8 9 101112 11 10 9
Figure 71

Construction of a
leaf-form from
an cquilateral triangle
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Every 'side of the triangle has been divided into eight parts (any divi-
sions could have been . used. but the 8-Division is particularly con-
venient). Thus the circumference received 24 points of division and
half the circumference at each side received twelve points. The points
of division have been connected with the center and numbered. The
ng lines are not of equal length. The latter only prevails with
and only with a circle is tne term radii generally used. Apply-
ing it here also to other figures we can say: Only the top radius of the
triangle has a maximum length. The opposite radius in the direction
downwards (in Figure 71) is one-half the length of the top radius. This
length is transferred to Figure 71 as the altitude above point 12 in
Fxgure 70. The altitudes of the other points are gradually diminishing,

‘12 above pomt 1, 2/12 above point 2 and so forth. These are the

-lenglhs which will be subtracted from the respective radii of the triangle

in Figure 71 to arrive at the leaf form. From the radii of the points |
in Figure 71 the length above point | of Figure 70 is subtracted: from
the radii of the points 2 in Figure 71 the length above point 2 in
Figure 70 is subtracted, etc.

-

01 2-3 4567 8910

8 9 10 9 8 -
Figure 72 Figure 73

Leaf form from a pentagon

The analogous construction with a pentagon leads to Figures 72

and 73. Its form shows considerable resemblance to an ivy leaf.



ROTATION UPON ROTATION
EXERCISES WITH CIRCLES

The dotted circle in Figure 74 is divided into 24 parts and the
points of division are marked with small rings. These points are the
centers of circles of equal radii. The radii can be chosen at will. The
resulting diagram shows the movement of a circle when its center is
carried along another circle. The ancients spoke of epicycles (cycles
upon cycles) and this became the key of their astronbmy.

Figure 74

In Figure 75 certain areas between these circles are shown alternately
in black and white. This could have been done equally in two ways, .
‘with a static or dynamic characteristic. The static presentation would

bring out various stellar forms with arcs, the dynamic suggests motion
as in Figure 75.
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Figute 75
Rotation upon rotation

In the following diagrams, (Figure 76 and 77) the dotted circle is
smaller than in the previous ones. Nevertheless, it is again divided
into 24 parts. The points of division are also marked with small rings.

Figure 76
49
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Figure 77
The rotating circle reaches
the center

The circles drawn around those points now reach to the center of the
dotted circle. Figure 76 shows the circles and Figure 77 emphasizes
certain areas, adding a dynamic and almost plastic impression.

In the next pair of diagrams, drawn again with a 24 division of its
dotted circle, the radius of the rotating circle reaches beyond the cen-
ter of the diagram. Considering for instance the highest position of the
rotating circle, its center is at the highest point of the dotted circle and
it reaches up to the highest point of the whole diagram and down to
the lowest point of the circular space within its ring. The diagram pro-
duces a picture of a torus, a three dimentional circular ring.

Figure 79
- . L : The rotating circle reaches
_ beyond the center
F: i . .
|




In Figure 81, a circle is once more divided into 24 parts. The points
of division are connected with the lowest point on its periphery. The
particular regularity of the diagram this time is not due to an equalify
of lengths, but of anglés. All angles between neighboring lines con-
verging to the one point_'—fare equal (proof in the footnote*).

=

The converging lines (with the addition of the not drawn tangent in
the lowest point) form -24 angles between them. As they are equal,
each angle has 180/24 = 71%°. With a drawing-triang]e one can
check that an angle of 45 degrees contains six such angles, an angle
of 60 degrees contains eight such angles. Nature also makes use of
such diagrams in the patterns of a number of shells.

In Figure 82, not only one point has been connected with the points

of the 24-division, but twe points, one to the left and one to the_ right, ~
(A and B).

D
Figure 80

* The angie ACB 1s an exterior angle of the triangle BCD which is isosceles
{two sides equal the radius). Therefore, half of this angle equals an angle
at its base. If angle ACB increases in equal steps, the marked angle at D
will also add equal steps of half its size.

Figure

¢

81

Inscribed angles of a circle

. Figure 82 //g"é\';”~15,}@$
Two points connected with the points of the 24 Division of a ¢ r&g‘, TN '%) .
((8 {3 \;hﬁi
{\. Z} ) r'~:g' i




" The following diagram can serve to test the.skill alread‘y acquired in

geometric drawing, as the points of intersection of the lines drawn to
the two points of conversion lie on circles which pass through the
two points of convergence (Figure 83).

2 N

W\l
= =N\
o~ A

Figure 83
The points of intersection
lie on circles passing
through the points of convergence

Their centers are located on the vertical axis of symmetry of the di-

agram and at the intersection points with the converging‘ lines. Among
these intersection points one will readily find the cenu.ar.of the S\tjr;
rounding circle itself. The next intersection point below it is the cente

. of the next circle inside and its radius is its distancg f.rom the cemecr; :
-of convergence. The next intersection point below it is the center

.t . . P . . In
the next circle, etc. It is a diagram with a maximum of coinciding
intersections. -

.|

WALDORF SCHOOL MONOGRAPHS

The Waldorf School Monographs are brought out so that thg princi-
ples and practical work of the Waldorf Schools may be more widely
available. Waldorf Education is based on Rudolf Steiner's Principles
with the underlying laws of the balanced development of the human
being. That such laws be understood and made effective becomes more
and more urgent today.

The need of our time is that every individual shall awaken his full
potential and find his value and service in life. This calls for an equal
attention to the development of all aspects of the personality, character
and morality, quality and content of imagination and mature thinking
and understanding. Such a goal leads us beyond specialization and is
possible for those of limited background as well as those of rich en-
dowment of intelligence.

The insights of Rudolf Steiner into the inherent nature of the child

and the needs of each stage of development underlie Waldorf School

Education. Rudolf Steiner was a famous Austrian Philosopher, Scien-
tist and Educator (1861-1925). His researches into the nature of the
child led to the opening of the original school in Stuttgart, Germany
in 1919. Soon this developed an overall kindergarten-to-college pro-
gram which serious students consider to hold the key to the solution
of many of the major personal and social problems of our times.

It is obvious that the education of the past is outmoded. Many
newer developments in education are experimental and develop spe-
cialized capacities at the expense of that which is broadly human.
Waldorf Education lays the basis for the development of “human
beings who are able of themselves to impart purpose and direction to
their lives.”

In a concentrated form the Waldorf School Monographs give in-
sights into the principles of Waldorf Education and detailed guidance
on the handling of individual subjects. Each subject is introduced at
the age and with an approach which is designed to awaken a certain
aspect of the balanced personality. This is an education which is the
polar opposite and significant alternatjve to “conditioning” and “pro-
grammed instruction.”

‘Work with the Waldorf School Plan and Waldorf School Methods
is- conducted on four continents and in eighteen countries. To date
(1967) it is in seventy-eight independent schools and in one hundred
and five public schools. In the United States there are nine independ-
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ent Waldorf Schools in New Hampshire, New York State, Pennsyl-

vania, Michigan, California and Hawaii.

Teacher training programs and conferences are conducted in the
United States, England and Central Europe. There are also special
schools, among them the Camphill Schools, for children in need' of
special care. Available are Lectures, Loan Exhibitions of original
student work from the Waldorf Schools as well as a Training Course
in the Art of Eurythmy (inaugurated by Rudolf Steiner) with three

branches: Stage, Educational and Curative.
[
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THE FOLLOWING PUBLICATIONS ARE AVAILABLE

By HERMAN VON BARAVALLE. Pu.D.

THE INTERNATIONAL WALLORF SCHOOL
MOVEMENT (1963)

THE WALDORF SCHOOL PLAN (in preparation) .....
RUDOLF STEINER AS EDUCATOR, 2nd Edition, 1960 ... 1.00

GEOMETRIC DRAWING AND THE WALDORF
SCHOOL PLAN, 2nd enlarged Edition, 1967 ... ... .. 1.50

THE TEACHING OF ARITHMETIC & THE WALDORF
SCHOOL PLAN. 2rd enlarged Edition, 1967

INTRODUCTION TO PHYSICS IN THE WALDORF
SCHOOLS—THE BALANCE BETWEEN ART AND
SCIENCE, 2nd enlarged Edition, 1967 :

INTRODUCTION TO ASTRONOMY IN THE SIXTH

GRADE OF THE WALDORF SCHOOLS (1968) ........ 1.50

PERSPECTIVE DRAWING—as taught in the 7th grade
of the Waldorf Schools (1968)

(Text in German)

GEOMETRIE ALS SPRACHE DER FORMEN
(Geometry the Language of Forms), with 411
diagrams, 2nd Edition, 1963

DARSTELLENDE GEOMETRIE '
(Descriptive Geometry) 167 diagrams, 1959

DIE ERSCHEINUNGEN AM ST ERNENHIMMEL
(The Phenomena of Astronomy) 95 diagrams, )
4th Edition, 1962 ..... ... .. ... ... . ... .. 5.00

DER STERNENHIMMEL UBER UND UNTER UNS
(The Stars Above and Beneath Us) with 8 astronomical
charts and transparent map of the earth, 3rd Edition, 1958.. 5.50

PERSPEKTIVE (Perspective) ..................... 4.50
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PHYSIK (Physics—3 vols.) Phenomenological Method
}" Vol. 1 Mechanics ‘

Vol. II Heat, Magnetism and Electricity
Vol. 1l Acoustics and Optics

By MARGARET FROHLICH
FORM DESIGNING

By WERNER GLAS

THE WALDORF SCHOOL APPROACH TO
HISTORY

By ELIZABETH M. GRUNELIUS
EARLY CHILDHOOD EDUCATION AND THE '
WALDORF SCHOOL PLAN, 3rd Edition, 1966 ........
By Roy WILKINSON

. QUESTIONS AND ANSWERS ON WALDORF
EDUCATION

(Add 10¢ per book for mailing)

ORDER FrROM:
WAILDORF SCHOOL MONOGRAPHS

zét.PGE%g%&?(agervice, Ing.
Englewddd).8ow 2barsey 07621
Spring Valley, NY 10977

WALDORF SCHOOL MONOGRAPHS
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